In this paper we study the double transpose extension of the Ruelle transfer operator L f associated to a general real continuous potential f ∈ C(Ω), where Ω = E N and E is any compact metric space. For this extension, we prove the existence of non-negative eigenfunctions, in the Banach lattice sense, associated to λ f , the spectral radius of the Ruelle operator acting on C(Ω). As an application, we show that the natural extension of the Ruelle operator to L 1 (Ω, B(Ω), ν) (for a suitable Borel probability measure ν) always has an eigenfunction associated to λ f . These eigenfunctions agree with the usual maximal eigenfunctions, when the potential f is either in Hölder or Walters spaces. We also constructed solutions to the classical (finite-state spaces) and generalized (general compact metric spaces) variational problem avoiding the standard normalization technique.
Introduction
The Ruelle transfer operator, or simply the Ruelle operator L f has its roots in the transfer matrix method introduced by Kramers and Wannier [30] and (independently) by Montroll [37] , to study the famous Ising model. This operator, acting on an infinite-dimensional vector space, was introduced in 1968 by David Ruelle [41] to give a rigorous mathematical description of a relation between local and global properties of a one-dimensional system composed of infinitely many particles, subject to an infinite-range potential. In particular, under an appropriate condition on the interaction ( a local condition), uniqueness of the Gibbs measure ( a global property) was proved. The Ruelle operator is one of the fundamental tools in Ergodic Theory/Thermodynamic Formalism, and one of the most important results about this operator is the so-called RuellePerron-Frobenius theorem. Among other things, the Ruelle-Perron-Frobenius theorem generalizes the classical Perron-Frobenius theorem for matrices to a class of positive operators acting on a suitable infinite-dimensional real vector space.
With the advent of the Markov partitions due to Adler and Weiss [2] (for continuous ergodic automorphisms of the two-dimensional torus), Sinai [49] (for Anosov diffeomorphisms) and Bowen [10] (general case), remarkable applications of this operator to hyperbolic dynamical systems on compact manifolds were further obtained by Ruelle, Sinai and Bowen, see [41, 48, 11] . Since its creation, this operator remains a major tool, which has had great influence in many fields of pure and applied mathematics. It is in particular a powerful tool to study topological dynamics, invariant measures for Anosov flows, statistical mechanics in one dimension, meromorphy of the Selberg and Ruelle dynamical zeta functions, multifractal analysis, Lyapunov exponents for product of random matrices, conformal dynamics in one dimension and fractal dimensions of horseshoes, just to name a few. Regarding these topics we refer the reader to [6, 13, 12, 33, 36, 38, 39, 42, 48] and references therein.
The spectral analysis of this operator is deeply connected with fundamental problems in Ergodic Theory, and Classical and Quantum Statistical Mechanics on the one-dimensional lattice. For example, the maximal eigendata (eigenvalue, eigenfunction, eigenmeasure and so on) of the Ruelle transfer operator can be used to compute and determine uniqueness of the solutions of a central problem in Thermodynamic Formalism, introduced by Ruelle [40] and Walters [51] , which is a variational problem of the following form sup µ∈Mσ (Ω,F )
where h(µ) is the Kolmogorov-Sinai entropy of µ and M σ (Ω, F ) is the set of all σ-invariant Borel probability measures on Ω and F is the σ-algebra generated by the cylinder sets, see also [4, 29, 31, 38, 53] .
Before presenting the precise definition of the Ruelle operator, we need to introduce some more notation. Let (E, d) denote a general compact metric space which is sometimes called the state space, and fix a Borel probability measure p : B(E) → [0, 1] defined on E having full support. We refer to this measure p as the a-priori measure. Consider the infinite Cartesian product (on the half-line) Ω = E N , and let σ : Ω → Ω be the left shift map. As usual we write C(Ω) ≡ C(Ω, R) to denote the space of all real continuous functions defined on Ω. Finally for a fixed potential f ∈ C(Ω), we define the Ruelle operator L f : C(Ω) → C(Ω) as being the linear operator that sends a continuous function ϕ to another continuous function L f ϕ, which is given by the following expression
where ax ≡ (a, x 1 , x 2 , . . .).
Remark 1.1. Despite its appearance, we emphasize that even in the simplest possible setting where Ω is infinite, the Ruelle operator L f is a not a HilbertSchmidt operator. For example, if M = {1, . . . , n}, p is the normalized counting measure, and the potential f is any γ-Hölder continuous function such that f (x) = 0 for all x ∈ Ω, then the spectrum of L f always contains an open ball with positive small enough radius, see [4, Theorem 1.5] .
In the sequel we summarize some of the classical results about the Ruelle operator and its maximal eigendata in both finite and compact state space cases.
Finite-State Spaces.
For the sake of simplicity let us assume that Ω = {1, . . . , n}
N . The problems of finding the maximal positive eigenvalue for L f and its respective eigenfunction and eigenmeasure were overcome around the eighties and nineties for a large class of potentials f , such as Hölder, Walters and Bowen potentials, see [9, 52, 54, 55] for their precise definitions. To guide the forthcoming discussion let us use the notation C γ (Ω), W (Ω, σ), B(Ω, σ) to refer to these spaces, respectively.
In the finite-state space setting we have the following proper inclusions
The spectral properties concerning the maximal eigendata of the Ruelle operator L f are very well known when the potential f ∈ C γ (Ω). For Hölder potentials, a remarkable fact is that the spectral radius is an eigenvalue of maximal modulus, and isolated from the remainder of the spectrum. Following [19] , we refer to this by saying that the potential f has the spectral gap property. It is also well known that the eigenspace associated to this maximal eigenvalue is one-dimensional.
The spectral analysis of L f in the Walters space W (Ω, σ) is much harder. Although it is possible to recover some of the results obtained in the Hölder setting, the spectral gap is in general absent. On the other hand, we know that the spectral radius still is an eigenvalue and has associated to it a positive continuous eigenfunction. Furthermore, in this case we know that the maximal eigenspace is one-dimensional and the eigenfunction is positive everywhere and has Walters regularity. For potentials f ∈ B(Ω, σ), the Bowen space, even less is known. We still are able to show that the spectral radius of L f is an eigenvalue for some linear extension of the Ruelle operator. The unique eigenfunction associated to this eigenvalue is still positive everywhere, but until now it is not known whether it is a continuous function, see [54] .
Compact State Spaces. In the previous paragraph we gave a brief overview of some important results when Ω = {1, . . . , n} N . Let us move the discussion to a more general setting, where Ω = E N , with E being a general compact metric space.
For such general symbolic spaces, generalizations of the Ruelle-Perron-Frobenius theorem were obtained in [35, 5, 32, 18] , allowing one to determine the maximal eigendata of L f for potentials in C γ (Ω) and W (Ω, σ) spaces.
For potentials in the Hölder class, even in this more general setting, the Ruelle operator keeps the spectral gap property, see [18] . For potentials in both Walters and Hölder class, it was proved that the spectral radius still is an eigenvalue and has associated to it a positive eigenfunction and a one-dimensional eigenspace. As far as we know, there is very little information available about the maximal eigendata of the Ruelle operator associated to potentials in the Bowen class when the state space E is not finite. The authors in [17] proved uniqueness of the eigenmeasure.
Historically, the results on the existence of the eigenfunctions for the Ruelle operator started with the investigation of Lipschitz and Hölder potentials defined over symbolic spaces with finite-state space, see [4, 13, 41, 43] . The literature about the Ruelle operator associated to such potentials is vast, and it lies at the heart of the most important applications of the Ruelle operator in several branches of pure and applied mathematics. We also mention here that the investigation of the basic properties of this operator for Hölder potentials is a very important chapter in the theory of Thermodynamic Formalism. In the nineties and the beginning of the two-thousands the interest in this operator, defined on symbolic spaces formed by infinite-state spaces, increased, motivated in part by applications to non-uniformly hyperbolic dynamical systems, see [24, 34, 45, 1, 56, 44] and references therein. Simultaneously, investigations about this operator associated to potentials belonging to more general function spaces, like Walters and Bowen spaces, were carried out. Nowadays we can say that we have a well-developed theory on this subject, but in both cases of finite-state space and infinite-state space, the problem of determining necessary and sufficient conditions on the potential ensuring the existence of positive eigenfunctions for the Ruelle operator associated to its spectral radius remains open.
When considering potentials f ∈ C(Ω) living outside the Bowen space, even for finite-state spaces, in very few cases the maximal eigendata of the Ruelle operator can be obtained. The obstacle one faces to perform the spectral analysis of the operator in this case, by using current mathematical technology, is not only of a technical nature. For such potentials the phase transition 1 phenomenon can take place and this introduces a bunch of new difficulties. The classical example, in the Thermodynamic Formalism, of a continuous potential where such phenomena can occur is given by a Hofbauer-type potential see [25, 16] . Basically, in such generality no general mathematical theory exists, and as far as we know, things are handled on a case-by-case basis. Other one-dimensional examples of systems which have phase transitions are the Dyson models, the Bramson-Kalikow and Berger-Hoffman-Sidoravicius g-measure examples, and the Fisher-Felderhof renewal-type examples, see [21, 14, 7, 22] .
The goal of this paper is to initiate the study of the double transpose of the Ruelle transfer operator L f , for a general real continuous potential f , defined on a suitable infinite countable Cartesian product of a general compact metric space and the main results obtained here are Theorems A and B.
The approach taken here is novel, in so far as it focuses on the bidual of either C(Ω) or L 1 (Ω, ν) and the extension of the Ruelle operator to these spaces. It allows us to solve the problem of existence of maximal eigenfunctions for general continuous potentials. With the technique introduced here we are capable of handling the above-mentioned spectral problems, for any continuous potential defined on general compact metric symbolic spaces.
As mentioned above, one of the main ideas of this paper is to carefully study the double transpose L * * f of the Ruelle operator. We prove that for any continuous potential f in C(Ω) the spectral radius of L * * f , which is exactly the spectral radius of L f , is an eigenvalue and has associated to it a non-negative (in the Banach lattice sense) eigenfunction. We also prove that, for potentials in the Hölder and Walters classes, the extended eigenfunctions live on the image of the canonical mapping, and they can be used to determine the classical maximal eigenfunctions, thus generalizing the classical theory. These results are major reasons to say that the bidual of either C(Ω) and L 1 (Ω, ν) are the right spaces to study the maximal eigenvalue problem for the Ruelle operator.
When working with potentials with very low regularity properties, to prove the existence of non-negative eigenfunctions for the natural bounded extensions of the Ruelle operator to L 1 (ν) is in general a hard task, see [16, 15, 25 ]. Here we work on product spaces of the form Ω = E N , nevertheless the problems considered here are of more general interest to the Thermodynamic Formalism on various sorts of compact subspaces as well. We restrict ourselves to product spaces for the sake of simplicity. The statements of our main theorems and its respective proofs are easily adapted to compact subshifts, since the techniques employed here are based on the general theory of linear operators. We shall remark that our approach does not need the expansivity hypothesis, normally considered in the literature of Thermodynamic Formalism.
The paper is organized as follows. In Section 2 we study the pressure functional for general continuous potentials defined on E N , where E is any compact metric space. In such a general setting we prove the existence of an eigenmeasure associated to λ f , the spectral radius of the Ruelle operator acting on C(Ω). In particular, we prove that the set
is always non-empty, for any continuous potential f . In Section 3 we study the double transpose of the Ruelle operator, associated to a general continuous potential, acting in both spaces C(Ω) and L 1 (Ω, ν), where ν ∈ G * (f ). For any continuous potential f the existence of a positive (in Banach lattice sense) eigenvector ξ f for the double transpose of the Ruelle operator acting on L 1 (Ω, ν), associated to λ f , is established. In Section 4 we show how to construct for each eigenmeasure ν ∈ G * (f ) a shift-invariant probability measure µ satisfying µ ≪ ν, and consequently how to construct an eigenfunction for the natural extension of the Ruelle operator to L 1 (ν), associated to λ f . In Section 5 we study a generalization of the classical variational problem (1) for continuous potentials defined on E N , where E is any compact metric space. We introduce a generalization of the Kolmogorov-Sinai entropy in order to obtain a meaningful definition of entropy for shifts in symbolic spaces having uncountable alphabets. The problem (1) is then reformulated, in a natural way, in this setting and next we show how to solve this variational problem using the shift-invariant probability measures constructed in Section 4.
Pressure Functional and Eigenmeasures
In this section we prove the existence of an eigenmeasure for the transpose of the Ruelle operator, associated to the spectral radius λ f of the Ruelle operator, acting on C(Ω) and endowed with its standard supremum norm. To this end we recall that C(Ω)
* is isometrically isomorphic to M s (Ω), so we can think of L * f as a bounded linear operator acting on M s (Ω). As a consequence of the Riesz-Markov Theorem, it is easy to see that the transposed operator sends ν → L * f ν, where L * f ν is the unique signed Radon measure satisfying
∀ϕ ∈ C(Ω).
, where E is a general compact metric space and f ∈ C(Ω) a continuous potential. Then there is a real number P (f ), called the pressure of the potential f , such that
Proof. For finite-state space and Hölder potentials the proof can be found in [4, 13, 38, 43] . For general compact metric spaces and continuous potentials, see [17, 33, 47] .
Remark 2.2. Note that the above result does not contradict the existence of metastable states proved by Sewell [46] since n −1 log L n f (1)(x), for each f ∈ C(Ω), can be written as a finite-volume pressure of a translation invariant interaction Φ = (Φ Λ ) Λ⋐N on the lattice N, satisfying the following regularity condition: Λ∋1 Φ Λ ∞ < +∞.
The next result relates the pressure functional to the logarithm of the spectral radius for continuous potentials defined over general metric compact symbolic spaces.
Corollary 2.3. For any f ∈ C(Ω) we have P (f ) = log λ f .
Proof. The idea is to use Gelfand's Formula for the spectral radius. Since L f is a positive operator, f is continuous and Ω is compact, for each n ∈ N we can ensure the existence of some
By taking the n-th root of both sides above and then the logarithm, we get from Theorem 2.1 that
The above inequality implies that the spectral radius is non-null. On the other hand, from the boundeness of L f and Gelfand's formula it follows that the limit, when n goes to infinity, of the lhs above is precisely the logarithm of the spectral radius of L f . Therefore log λ f = P (f ).
Now we are ready to prove the main result of this section.
is non-empty.
Proof. Note that the mapping
Since this set is also convex and compact, in the weak topology which is Hausdorff when Ω is metric and compact, it follows from the continuity of L * f and the Tychonov-Schauder Theorem that this mapping has at least one fixed point ν. Note that this fixed point is an eigenmeasure for the transpose of the Ruelle operator, i.e., L *
In fact, the lower bound holds for any Borel probability measure over Ω, since
For the upper bound it is necessary to use that ν is an eigenmeasure associated to the eigenvalue L * f (ν)(Ω) and the argument is as follows:
From the claim it follows that
A simple compactness argument shows that there is ν ∈ M 1 (Ω) so that L * f ν = λ f ν. Indeed, let (ν n ) n∈N be a sequence such that L * f (ν n )(Ω) ↑ λ f , when n goes to infinity. Since M 1 (Ω) is a compact metric space in the weak topology, we can assume, up to subsequence convergence, that ν n ⇀ ν. This convergence, together with the continuity of L * f , provides
Therefore the set {ν ∈ M 1 (Ω) : L * f ν = λ f ν} = ∅. It remains to show that λ f is the spectral radius of L f . In order to prove this statement we first observe that
and therefore λ f ≤ λ f . From the uniform convergence provided by Theorem 3 and Jensen's inequality we get
thus proving that λ f = λ f .
The Double Transpose and Its Eigenfunctions
In this section we establish some elementary properties of the double transpose of the Ruelle operator associated to a continuous potential f . By using the isomorphism
By identifying C(Ω) with the image of the natural map J : C(Ω) → M s (Ω) * , defined by J(ϕ)(µ) = µ(ϕ), we can think of L * * f as a bounded linear extension of the Ruelle operator
denote the set of all finite positive Borel measures over Ω. We say that an element ξ ∈ M s (Ω) * is positive if ξ(M + (Ω)) ⊂ [0, +∞). Note that, if h f is a positive continuous eigenfunction of L f associated to the maximal eigenvalue λ f , then for any finite signed measure µ we have
Let us assume that there is an eigenfunction ξ (not necessarily positive) for L * * f associated to λ f . Then for any signed measure µ we have
The above equation implies, when such an eigenvector exists, that the range of the operator L * f − λ f is contained in the kernel of ξ, i.e., R(L *
On the other hand, if for some ν ∈ G * (f ) we have
where ν is the subspace generated by ν, then, as a consequence of the Hahn-Banach theorem, we can guarantee the existence of at least one continuous functional ξ ∈ M * s so that R(L * f −λ f ) ⊂ ker(ξ) and ξ(ν) = 1. Such a functional is clearly an eigenvector for L * * f associated to λ f . We remark that the eigenvector ξ is not necessarily positive, nor necessarily an element of J(C(Ω)), the image of the natural map.
As long as ψ is a F -measurable real function satisfying ψ ∞ < +∞, we can naturally define L f ψ, since for every x ∈ Ω the following integral is well defined and finite: M exp(f (ax))|ψ(ax)| dp(a). 
The first step is to show that (L * f − λ f )(µ)(ψ) = 0, for any signed measure µ. Since we are not assuming that ψ ∈ C(Ω), there is a small issue in using the duality relation for the Ruelle operator and its transpose. But this issue can be easily overcome as follows. Let (ψ n ) n∈N a sequence of continuous functions pointwise converging to ψ. Then by the Dominated Convergence Theorem, for any finite signed measure µ we have
We now prove that there is no sequence (L * f − λ f )(µ n ) converging to a probability measure ν in the strong topology. Suppose by contradiction that
Proof. Let (ψ n ) n∈N be a sequence in C(Ω) such that ψ n → ψ pointwise. Since the sequence max{min{ψ n , M }, m} is continuous and converges pointwise to ψ we can assume that m ≤ ψ n ≤ M . Now we consider the sequence of linear functionals (J(ψ n )) n∈N in the bidual of C(Ω). The natural map is an isometry and so J(ψ n ) ≤ M . From the Banach-Alaoglu theorem it follows that the closed ball B(0, M ) is compact in the weak- * topology, therefore the sequence (J(ψ n )) n∈N viewed as a topological net has at least one convergent subnet (J(
We claim that ξ f is a positive eigenfunction of L * * f . The positivity of ξ f is trivial, because for any µ ∈ M + (Ω) we have J(ψ i(d) )(µ) ≥ m. In particular, ξ f is not the null vector. To finish the proof it is enough to show that R(L *
Let f be a continuous potential and fix ν ∈ G * (f ). In the sequel we consider the natural bounded extension of the Ruelle operator to L 1 (ν) and its bounded extension to the bidual of L 1 (ν). We prove that this latter extension always has an eigenvector associated to λ f , which is the spectral radius of L f acting on
The advantage in working with the extension of the Ruelle operator to the Lebesgue space of integrable functions with respect to an eigenmeasure is that we can compute explicitly its operator norm. In fact,
and the supremum is attained if we take the test function ϕ ≡ 1. Now we are ready to prove one of the main results of this paper.
, where E is a compact metric space, f : Ω → R be a continuous potential, 
here J denotes the natural map from L 1 (ν) to its bidual. Since the mapping J is an isometry and
If we abuse notation and call this mapping simply ν, we have that ξ n (ν) = 1.
As we did before, if we look at the sequence (ξ n ) n∈N as a topological net, it follows from the Banach-Alaoglu theorem that this net has at least one convergent subnet (ξ i(d) ) d∈D . Let ξ f the limit of such a subnet. Clearly this functional is non-null, positive and ξ f (ν) = 1. Note that λ f ξ n+1 = L * * f ξ n for all n ∈ N.
By using the weak- * to weak- * continuity of L * * f and a compactness argument we have
and therefore ξ f is non-zero multiple of ξ f . These functionals coincide in ν, so they are equal, which allows us to conclude that ξ f is an eigenvector of L * * f . To complete the proof we observe that for all µ ∈ M 1 (Ω) we have ξ f (µ) ≥ 0.
Invariant Measures and L
The next result is an important application of the existence of ξ f . Before presenting this result let us introduce some more notation. For each A ∈ F and ν ∈ M 1 (Ω) we define a non-negative measure in F so that B → ν(A ∩ B). This measure will be simply denoted by 1 A ν. We can identify the measure 1 A ν with the element of (L 1 (ν)) * given by ϕ → ν(1 A ϕ). This allows us to conveniently use the duality relations for the transpose and the double transpose of the Ruelle operator acting on L 1 (ν).
Theorem 4.1. Let f be a continuous potential, ν ∈ G * (f ) and ξ f be a eigenfunction of L * * f as constructed above. Then the probability measure µ given by
Proof. We have to show that µ(σ −1 (A)) = µ(A). By the definition of µ we have
From the definition of the transpose of the Ruelle operator and its basic properties we have for any continuous function ϕ that
Replacing this identity in (4), using the definition of the transposed operator, and the fact that ξ f is an eigenfunction of L * * f two times, we obtain
Theorem B. Let f be a continuous potential, µ and ν as in Theorem 4.1. Then µ ≪ ν and the Radon-Nikodym derivative dµ/dν is a eigenfunction associated to the spectral radius of L f , i.e.,
Proof. Since µ(A) = ξ f (1 A ν), for each Borel set A it follows that µ ≪ ν. To prove (5) it is enough to apply Theorem 11 in [17] . Since the proof of this theorem is simple, for the convenience of the reader, we repeat the arguments below.
For any continuous function ϕ we have
The above theorem is one of the most important results of this paper. It ensures that the spectral radius of the Ruelle operator L f (viewed as an operator in L 1 (ν)) it always an eigenvalue. We also remark that the above RadonNikodym derivative is not in general a continuous function. This derivative is continuous when the potential f has good regularity properties, but for some continuous potentials f we know that there is no continuous eigenfunction for L f associated to the spectral radius λ f , see for example [15] .
The Variational Problem
Our next concern will be solving a generalization of the variational problem (1) using the theory developed here. To guide the discussion, we start by recalling the common strategy normally employed to solve this problem when the state space is finite and the potential f is Hölder. After this discussion we turn our attention to general state spaces and continuous potentials.
Let us assume for a moment that E = {0, 1, . . . , n} and Ω = E N . We recall that a probability measure µ ∈ M σ (Ω, F ) is said to be an equilibrium state for the potential f if the supremum in (1) is attained at µ, i.e.,
In this finite-state space it is very well-known how to construct an equilibrium state µ by means of the maximal eigendata of the Ruelle operator. For example, if f is a Hölder potential, then the classical Ruelle-Perron-Frobenius theorem implies the existence of h f and ν f , the maximal eigenfunction and eigenmeasure, of the Ruelle operator and its transpose, respectively. By taking a suitable normalization one can prove that the probability measure h f ν f is the unique equilibrium state for f , see [38] .
When working with possible uncountable state space E and dynamics given by the left shift mapping, to avoid trivialities in the variational problem one needs to avoid using the Kolmogorov-Sinai entropy in its formulation. To obtain a generalization of the finite-state space we adopt here the setting usually considered in Statistical Mechanics, see [23, 28, 50] .
If µ and ν are two arbitrary finite measures over Ω and A is a sub-σ-algebra of F we define
∞, otherwise.
The extended real number H A (µ|ν) is called the relative entropy of µ with respect to ν on A . Consider the product measure p p p = i∈N p, where the probability measure p still is the a priori measure used to construct the Ruelle operator. For each µ ∈ M σ (Ω, F ) it is proved in [23, Theorem 15.12] that the following limits exist
where F n is the σ-algebra generated by the projections {π j : Ω → E : 1 ≤ j ≤ n}.
As usual, we define the pressure of f ∈ C(Ω) by
If f is an arbitrary continuous potential and λ f is the spectral radius of L f then we can show that P (f ) = log λ f , see [32] for Hölder potentials and [17] for continuous potentials. If f is a Hölder potential, it follows from [3] and [32] that the probability measure µ given by F ∋ A → ξ f (1 A ν) is an equilibrium state for f . This fact follows from Theorem 4.1, Theorem B and the uniqueness of the equilibrium states for Hölder potentials. If f is a more general continuous potential we do not know what are necessary and sufficient conditions on the potential ensuring that the probability measure µ still is an equilibrium state for f . If ξ f does not belong to the image of the natural map of a continuous function, the probability measure µ may not be a quasilocal measure. In cases where the potential is continuous but has very low regularity properties, it can happen that the measure µ is not quasilocal. In that case the equilibrium measure does not necessarily satisfy the DLR conditions, and, using the IsraelBishop-Phelps Theorem, many types of phase transitions and pathologies can be shown to occur, for more details see [8, 20, 26, 27] .
